


Objectives

• Present a simple 1D Transient Convection problem

• We will solve the problem using finite difference methods.

• The methods we will be using are the first and second order upwind    

methods. 



x

Fluid inside a constant area tube

1D Convection Problem

u = 0.1 cm/sFluid flow (Incompressible) k ~ 0

Problem Description:

The constant-area tube illustrated in Figure above is filled with a stationary incompressible

fluid having a very low thermal conductivity, so that heat diffusion is neglible. The fluid is

heated to an initial temperature distribution, T(x, 0), at which time the heat source is turned

off and the fluid is instantaneously given the velocity u = 0.1 cm/s to the right. The temperature 
distribution within the tube is required.



1D Convection Equation

• ft + u * fx = 0 …………..(1); f(x, t);   u – convection velocity

• We have a propagation problem governed by a hyperbolic PDE

• In terms of temperature, f(x, t) = T(x, t)

• Tt + u * Tx = 0 ………….(2);

•
𝜕T

𝜕t
+ u * 

𝜕T

𝜕x
= 0 ………….(3);     T(Temp) = T(x, t); x – spatial coordinate, t – time

• IC:   T(x,0) = 200 * x                   0 <= x <= 0.5
•

• T(x,0) = 200 * (1-x )           0.5 <= x <= 1

• T(x,0) = 0                             outside above range



• Tt + u * Tx = 0 ………….(2);

• Using first order forward-difference approximation for the time derivative and first-order 

one-sided approximation for the space derivative, we get,
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= 0 ; Rearranging the equation, we get
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• Let c = (
u ∗ Δt

Δx
) ; where c = courant/convection  number;  

• Ti
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n ……………………...(6)

• Eq (6) shows the finite difference approximation of the 1D convection equation using 

first-order upwind method

The First-Order Upwind Method



• The first-order upwind method is an explicit, single step method and is conditionally 
stable.

• But the method introduces significant amount of numerical damping into the solution

• Stability criteria : c = (
u ∗ Δt

Δx
) <= 1

• The error is O(Δt) + O(Δx)

• Not a very accurate method to solve convection problems

• Second-order upwind methods can provide more accurate solutions

The First-Order Upwind Method



• Tt + u * Tx = 0 ………….(2);

• The second order upwind method is given as:

• Ti
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• Eq (7) shows the finite difference approximation of the 1D convection equation using 

second-order upwind method

The Second-Order Upwind Method



• The second-order upwind method is an explicit, single step method and is conditionally 
stable.

• Stability criteria : c = (
u ∗ Δt

Δx
) < 2

• The error is O(Δt2) + O(Δx2)

• Easier to implement for convection problems to solve nonlinear PDEs, system of PDEs and 
multidimensional problems

• Upwind methods account for the direction of physical information propagation and hence 
match the physics of hyperbolic PDEs better than centered-space methods

The Second-Order Upwind Method



Summary

In this video, 

• We presented a 1D Convection Problem

• We discretized our domain and solved the problem using the first-order and 
second-order upwind finite difference methods 

• We varied the grid spacings and time steps and presented the results using 
MATLAB

• In future videos, we can explore more challenging problems.


